In this paper a * -algebra of regular functions on the Shilov boundary S(D) of bounded symmetric domain D is constructed. The algebras of regular functions on S(D) are described in terms of generators and relations for two particular series of bounded symmetric domains. Also, the degenerate principal series of quantum Harich-Chandra modules related to S(D) = U n is investigated.
Introduction
Quantum Harish-Chandra modules (see the next Sec.) form a broad class of infinite dimensional representations of quantum universal enveloping algebras. Construction and classification of simple quantum Harich-Chandra modules are important open problems (see [1] ).
In this paper we investigate a quantum analog of degenerate principal series realized in the spaces of regular functions on the Shilov boundary of bounded symmetric domain of tube type [2] . Let (a ij ) i,j=1,...,l be a Cartan matrix of positive type, g the corresponding simple complex Lie algebra. So the Lie algebra can be defined by the generators e i , f i , h i , i = 1, ..., l, and the well-known relations (see [3] ). Let h be the linear span of h i , i = 1, ..., l. Fix simple roots {α i ∈ h * |i = 1, ..., l} via α i (h j ) = a ji . Also, let {̟ i |i = 1, ..., l} be the fundamental weights and P = l i=1 Z̟ i the weight lattice. Fix l 0 ∈ {1, ..., l} and the Lie subalgebra k ⊂ g generated by e i , f i , i = l 0 ; h i , i = 1, ..., l.
We consider Lie algebras g equipped with Z-grading as follows:
where h 0 ∈ h and α i (h 0 ) = 0, i = l 0 ; α l 0 (h 0 ) = 2.
Let δ be the maximal root, and δ = l i=1 c i α i . (1) holds if and only if c l 0 = 1. In this case g 0 = k and we call the pair (g, k) a Hermitian symmetric pair.
Harish-Chandra established the one-to-one correspondence between Hermitian symmetric pairs and irreducible bounded symmetric domains considered up to biholomorphic isomorphisms [2] .
Let W be the Weil group of the root system R, w 0 ∈ W the element of maximal length. Irreducible bounded symmetric domain D related to the pair (g, k) is a domain of tube type if and only if ̟ l 0 = −w 0 ̟ l 0 .
Fix a Hermitian symmetric pair (g, k). Let G be a connected simply connected complex Lie group with Lie (G) = g and K ⊂ G a connected complex Lie subgroup with Lie (K) = k. Consider the Lie subalgebra p ⊂ g generated by e i , h i , i = 1, ..., l, and f j , j = l 0 . There is the corresponding connected complex Lie subgroup P ⊂ G. The homogeneous space G/P is a simply connected projective variety.
There exists a distinguished noncompact real form G 0 of G with a unique closed G 0 -orbit in G/P [2] . The Shilov boundary S(D) corresponds to it under the Borel embedding i : D ֒→ G/P . These reasons allow us to obtain quantum analogs of regular functions on the Shilov boundary and series of Harich-Chandra modules related to it. This approach to the quantum Shilov boundaries belongs to L. Vaksman (private communication).
Quantum analogs of algebras of regular functions on the Shilov boundaries
In this section we introduce quantum analogs of regular functions on the Shilov boundaries S(D) of bounded symmetric domains D of tube type. First of all, recall some notions from the quantum group theory [3] . In the sequel the ground field is C, q ∈ (0, 1), and all algebras are associative and unital.
Denote by d i > 0, i = 1, . . . , l, such coprime numbers that the matrix (d i a ij ) i,j=1,...,l is symmetric. Recall that the quantum universal enveloping algebra U q g is a Hopf algebra defined by the generators
. . , l and the relations:
where
The comultiplication ∆, the counit ε, and the antipod S are defined on generators by the following formulas:
We need two important classes of U q g-modules [4] . A representation ρ : U q g → EndV is called weight (and V is called a weight module, respectively), if V admits a decomposition into a sum of weight subspaces
where λ = (λ 1 , ..., λ l ) ∈ Z l . The subspace V λ is called a weight subspace of weight λ. A finitely generated weight U q g-module V is called a quantum Harish-Chandra module if V is a sum of finite dimensional simple U q k-modules and dim Hom Uqk (W, V) < ∞ for every finite dimensional simple U q k-module W .
We restrict our consideration to quantum Harish-Chandra modules only. Equip U q g with a * -Hopf algebra structure via the antilinear involution * :
Recall the notion of quantum analog of the algebra C[G] of regular functions on G [3] .
* the Hopf subalgebra of all matrix coefficients of weight finite dimensional U q g-representations. C[G] q is a U q g-module algebra:
The algebra C[G] q is called the algebra of regular functions on quantum group G. Introduce special notations for the elements of C[G] q [5] . Consider the finite dimensional simple U q g-module L(̟ l 0 ) with the highest weight ̟ l 0 ∈ P + . Equip it with an invariant scalar product (·, ·) (as usual in the compact quantum group theory [5] ). Following N. Reshetikhin and V. Lakshmibai (see [6] ), choose nonzero vectors {v µ } ∈ L(̟ l 0 ) µ for all weights µ ∈ W ̟ l 0 . Let
For brevity, put
q the minimal U q g-module subalgebra generated by t. Equip C[X] q with an antilinear involution * compatible with the involution in U q g, i.e.
(ξf ) 
. This subalgebra inherits the (U q g, * )-module algebra structure. This algebra is a quantum analog of the algebra of regular functions on the Shilov boundary S(D) of a bounded symmetric domain of tube type.
Examples of algebras of regular functions on the Shilov boundaries
We repeat below the general construction from the previous Sec. for the special case g = sl N . A Hermitian symmetric pair (g, k) is related to the irreducible bounded symmetric domain of tube type only if N = 2n and l 0 = n. The corresponding bounded symmetric domain is the unit ball in the standardly normed space of complex matrices D = {A ∈ Mat n,n | AA * ≤ I}. The Shilov boundary is isomorphic to the closed SU n,n -orbit of the Grassmanian Gr n (C 2n ) under the Borel embedding. Recall the well known notation U q su n,n for the * -Hopf algebra (U q sl 2n , * ) and C[Mat 2n ] q for the quantum 2n × 2n-matrix space defined by the generators {t ij } i=1,...,n;j=1,...,2n and the relations (see [21] )
q-minors are defined as follows:
for any The
q is generated by the q-minors t ∧n {1,...,n} J for all J with card J = n.
The compatible involution on
..,2n}{1,...,n} , and x = tt * quasi-commute with t ij for all i, j = 1, . . . , 2n.
Consider the * -algebra C[X] q,x . Obtain a description for the subalgebra of zero-degree
q,x be the subalgebra generated by
, where
The defining relations between z b a are similar to (2) [7] :
Similarly to (3), put z
q is isomorphic to the localization of the algebra C[Mat n ] q with respect to the Ore system (det q z)
where det q z b a is the q-determinant of the matrix derived from z by deleting the line b and the column a.
The U q su n,n -action on C[S(D)] q can be described explicitly:
The * -algebra C[S(D)] q is isomorphic to the algebra of regular functions on the quantum group U n [8] . The latter algebra was equipped with the U q k-module algebra structure.
Our general construction gives us hidden symmetry (additional structure of U q g-module algebra). Now turn to type C n Lie algebras. Fix g = sp 2n . The pair (g, k) is Hermitian symmetric only if k = gl n . In this case the bounded symmetric domain is the unit ball in the standardly normed space of complex symmetric n × n-matrices. The * -Hopf algebra (U q sp 2n , * ) is a quantum analog of the universal enveloping algebra Usp 2n (R).
We need an algebra C[Mat sym n ] q defined by the generators z ij for i, j = 1, ..., n and the relations
This algebra was introduced in [9] , where it was considered as a U q k-module algebra.
Similarly to the case A n , the algebra C[S(D)] q is isomorphic to the localization of the algebra C[Mat sym n ] q with respect to the Ore system det
where det sym q z ij is the q-determinant of the matrix derived from z by deleting the line j and the column i.
From the general construction, C[S(D)] q is equipped with the (U q sp 2n , * )-module algebra structure. The U q sp 2n -action is described explicitly via the following:
and for k = n and i ≥ j
otherwise.
Here is another interesting fact about the Shilov boundaries. In the cases A n and C n there are points on the Shilov boundaries, i.e. (U q g, * )-
The respective * -morphisms can be rebuilt from the formulas
Using these points, we can construct a (U q g, * )-morphism i :
The subalgebra i(C[S(D)] q ) in these cases admits a description in the spirit of M. Noumi's paper [10] .
4 Degenerate principal series of quantum HarishChandra modules related to the Shilov boundary for the case A n
In this section we investigate a quantum analog of the degenerate principal series of U q su n,n -modules related to the Shilov boundary of the quantum n × n-matrix unit ball. We give necessary and sufficient conditions for the representations to be irreducible and unitarizable.
In this section we provide q-analogs of classical results obtained by K.D. Johnson, S. Sahi, G. Zhang, R.E. Howe, and E.-C. Tan [11, 12, 13, 14, 15] . Another degenerate principal series is considered in the A. Klimyk and S. Pakuliak paper [16] . Our results are quantum analogs of results from [17] . More detailed results and proofs are given in [18] .
Assume first that α, β ∈ Z. Define a representation π α,β : U q sl 2n → End(C[S(D)] q ) as follows:
From these equalities we see that for each
is a Laurent polynomial of the variables q α , q β . These Laurent polynomials are uniquely defined by their values on the set {(q α , q β )| α, β ∈ Z} and deliver the canonical "analytic continuation" for π α,β (ξ)(f ) to (α, β) ∈ C 2 .
To prove that the representation π α,β is well defined for (α, β) ∈ C 2 , it is sufficient to verify some identities for Laurent polynomials. These identities hold for α, β ∈ Z.
Introduce a "deformation parameter" h by the equality q = e −h/2 . Clearly, if
It is clear that π α,β defines a Harish-Chandra if and only if q α−β ∈ q Z . Note that for any complex α, β such that 0 ≤ Im α < 2π h , 0 ≤ Im β < 2π h , the statements q α−β ∈ q Z and α − β ∈ Z are equivalent.
Equivalence of the representations
In this subsection we obtain a parameter set D and prove that each representation of the degenerate principal series is equivalent to a representation π α,β for some (α, β) ∈ D.
The representations π α,β and π α−1,β+1 are equivalent for all α, β. The corresponding intertwining operator T :
we see that T intertwines the representations π α,β and π α−1,β+1 . Therefore without loss of generality we can assume that α, β ∈ D, where
Proposition 3 If α, β ∈ Z, then the representations π α,β and π −n−β,−n−α are equivalent.
The proof follows from the explicit formulas for the intertwining operators given in Sec.
4.3.
If α, β ∈ Z, then the representations π α,β and π −n−β,−n−α are not equivalent. This fact follows from the statement that only one of the representations π α,β and π −n−β,−n−α has a finite dimensional subrepresentation for integral α, β. An explanation of this fact is given in the end of Sec. 4.2.
Introduce an equivalence relation on D. The equivalence class of (α, β) consists of one point for α, β ∈ Z and two points for α, β ∈ Z:
Proposition 4
The set of equivalence classes D ∼ is in the one-to-one correspondence (α, β) → π α,β with the set of equivalence classes of representations of the degenerate principal series.
Proof. By the above, each representation of the degenerate principal series is equivalent to the representation π α,β for some (α, β) ∈ D.
Prove that the representations π α 1 ,β 1 and π α 2 ,β 2 , with (α 1 , β 1 ), (α 2 , β 2 ) ∈ D, are equivalent if and only if (α 1 , β 1 ) ∼ (α 2 , β 2 ). For that, we calculate the action of a central element C ∈ U q sl ext 2n (see [19] for the definition). It can be proved that π α,β (C) is a scalar operator for all α, β ∈ D.
From [20] it follows that there exists a unique central element C which acts on the U q sl 2n -highest vector v high with weight λ as follows:
First let α, β be integers. It can be proved that
Hence π α,β (C) = 4 ch
Suppose that π α 1 ,β 1 and π α 2 ,β 2 are equivalent. Equivalent representations have the same weight lattice. Therefore (
Then the equivalent representations π α 1 ,β 1 and π α 2 ,β 2 have the same values of central characters, which means that
, we have that
. If α 1 +β 1 = α 2 + β 2 , then α 1 = α 2 and β 1 = β 2 . For any fixed non-integral α 1 , β 1 there is a unique pair (α 2 , β 2 ) ∈ D such that either α 1 +β 1 = −α 2 −β 2 −2n or α 1 +β 1 = −α 2 −β 2 −2n− 4πi h , and (α 1 , β 1 ) ∼ (α 2 , β 2 ). Although for integral parameters π α 1 ,β 1 and π α 2 ,β 2 are not equivalent, because the only one of them has a finite-dimensional subrepresentation. This can be deduced from Corollary 1. Thus each equivalence class in D is assigned to a unique equivalence class of representations of the degenerate principal series π α,β .
Reducibility of π α,β
Let U q k ss ⊂ U q sl 2n be the Hopf subalgebra generated by E j , F j , K ±1 j , j = 1, . . . , 2n − 1, j = n and U q k ⊂ U q sl 2n be the Hopf subalgebra generated by K ±1 n and U q k ss . Note that π α,β | Uqkss does not depend on α, β. The following preliminary result on reducibility of π α,β is well known in the classical case. For brevity, set Introduce the following notation:
Proposition 5 The representation space C[S(D)]
q for π α,β splits into a sum of simple pairwise non-isomorphic U q k-modules as follows:
Remark. It can be easily verified that v h k is a U q k-highest vector with weight (k 1 − k 2 , . . . , k n−1 −k n , 2k n +α−β, k n−1 −k n , . . . , k 1 −k 2 ). Then the highest weight of the simple
Proposition 6
The representation π α,β is irreducible if and only if α, β satisfy the following equivalent conditions:
Now suppose α, β ∈ Z. We investigate reducibility and proper subrepresentations of π α, β . We describe results with figures as in [11, 17] .
Each U q k-isotypic component V k is assigned to the point (k 1 , . . . , k n ) ∈ R n . Thus K is assigned to the set
Consider 2n hyperplanes:
These hyperplanes are parallel to the coordinate axis and pass through points with integral coordinates. The distance between L (Fig.2) . There are two simple submodules in K i = {k ∈ K|k i−1 ≥ −α − n + i − 1, β + i − 1 ≥ k i } (for i = 1 and i = n + 1 we put respectively K 1 = {k ∈ K|k 1 ≤ β} and K n+1 = {k ∈ K|k n ≥ −α}). 
Intertwining operators
In this section we construct the intertwining operators between the representations π α,β and π −n−β,−n−α for non-integral α, β. This allows one to prove Proposition 3. Let A : C[S(D)] q → C[S(D)] q be an intertwining operator, i.e., for all ξ ∈ U q sl 2n , v ∈ C[S(D)] q , we have Aπ α,β (ξ)(v) = π −n−β,−n−α (ξ)(Av). The operators π α,β (U q k ss ) are independent of α, β and π α,β (K n ) = π −n−β,−n−α (K n ). Also, V k and V m are non-isomorphic U q kmodules for k = m. Then A(α, β)| V k = a k (α, β), a k (α, β) ∈ C. By the additional assumption a 0 (α, β) = 1, we have the explicit formulas for the coefficients a k (α, β) = A(α, β)| V k of the intertwining operator A a k (α, β) = n j=1 P j (α, β), 1−q 2(α+n+i−j) , for k j < 0.
